We present a new procedure for combining p-values from a set of L hypothesis tests. Our procedure is to take the product of only those p-values less than some specified cut-off value and to evaluate the probability of such a product, or a smaller value, under the overall hypothesis that all L hypotheses are true. We give an explicit formulation for this p-value, and find by simulation that it can provide high power for detecting departures from the overall hypothesis. We extend the procedure to situations when tests are not independent. We present both real and simulated examples where the method is especially useful. These include exploratory analyses when L is large, such as genome-wide scans for marker-trait associations and meta-analytic applications that combine information from published studies, with potential for dealing with the "publication bias" phenomenon. Once the overall hypothesis is rejected, an adjustment procedure with strong familywise error protection is available for smaller subsets of hypotheses, down to the individual tests.
Introduction
When L hypothesis tests are conducted with the same significance level α, then the probability of finding at least one significant result among the L is greater than α. The resulting problem of interpreting the results from multiple tests has been considered many times, [e.g., Hochberg and Tamhane, 1987] . It is also recognized [e.g., Rosenthal, 1978] that a series of non-significant results may together suggest significance: "Two 0.06 results are much stronger evidence against the null than one 0.05." This situation led Fisher [Fisher, 1932] to his method for combining significance values, although it is the problem of possibly spurious single significant tests that is of more concern to us. We have been faced with this situation in different genetic contexts, including testing for allelic independence at several loci from several samples [Zaykin et al., 1995] , and testing for marker-disease associations at several marker loci [Kaplan and Weir, 1995] .
We concentrate here on global tests, or procedures that combine p-values from several tests in order to provide a p-value for the overall hypothesis that all single hypotheses are true.
We review the methods of Edgington [1972] , Fisher [1932] , Stouffer et al. [1949] , and Wilkinson [1951] and describe a new procedure, the "truncated product method", hereafter TPM, that appears to have good properties, especially when the total number of tests is large. This appears to be of special interest in the light of recent advances in DNA microarrays and gene chip technologies.
In the language of Hedges and Olkin [1985] , the procedures we discuss are termed omnibus or nonparametric because they depend only on the significance values of individual tests and not on the form of the underlying data.
Combination methods
We suppose that tests have been conducted for each of L hypotheses H i , i = 1, 2, . . . , L. For each test the p-value p i is calculated: if H i is true, this is the probability of observing a test statistic as extreme as or more extreme than the observed value in the direction of rejection [Shaffer, 1995] .
However, (1 − p i ) is also the value of the probability distribution function of the test statistic and therefore it is uniformly distributed on the interval [0, 1] . This holds for any continuous test statistic. Moreover, −2 ln p i has a chi-square distribution with two degrees of freedom. This led Fisher [1932] to note that the statistic
has a chi-square distribution with 2L degrees of freedom when all L hypotheses are true (denoted by H T in the sequel). Therefore, the p-value for the hypothesis that all H i are true is the probability of a χ 2 2L variable being greater or equal to the observed value t. The Fisher combination test is shown to be asymptotically Bahadur optimal by Pallini [1994] . Edgington [1972] preferred to work with the sum of the p-values, and he gave the probability of the sum of L uniform [0, 1] variables being less than or equal to S as
where S is the largest integer less than S. This probability also serves as the p-value for the hypothesis H T . This and related distributions were also derived by Feller [1966] . Hedges and Olkin [1985] pointed out that one large p-value can overwhelm many small p-values with this approach.
For L independent tests, Wilkinson [1951] noted that the number of p-values less than some quantity τ has a binomial distribution B(L, τ ) when H T is true. The probability of finding at least
Wilkinson set τ to the single-test significance level α. He used this binomial expansion to note, for example, that two tests significant at the 5% level in 14 tests does not imply that two events have occurred where each has a 5% probability, but that one event with a 15% probability has occurred. If k = 1, the probability becomes
overall α-level test. This is the basis ofŠidák's correction [Šidák, 1967] . Any individual test must be significant at the level τ in order for the overall level to be α.
An alternative procedure [Stouffer et al., 1949] 
denotes the probability distribution function for the standard normal distribution
then each p i -value can be transformed to a standard normal score, when the hypothesis is true, by
L is also standard normal. The p-value for hypothesis H T is, therefore,
Finally, a recent competitor is Simes' test [Simes, 1986] . If the L p-values are ordered, then
This suggests a test: reject the global null-hypothesis, 
where I(·) is the indicator function.
Useful aspects of the TPM test include the following:
1. Experience shows that the ordinary Fisher product test loses power in cases where there are a few large p-values. This can happen when tests are one-sided, with noncentrality in the "wrong" direction, or when there are a predominance of near-null effects. By truncating, these large components are removed, thereby providing more power, much like a "trimmed mean" gains efficiency in the presence of outliers [Huber, 1977] . 
Independence case
First we consider the case when all p-values are independent. Under the null hypothesis H T , the distribution of W for w < 1 can be evaluated by conditioning on the number, k, of the p i 's less than τ :
When L is large (> 1,000 tests, assuming double precision calculations), the probability in (1) should be computed through a Monte Carlo algorithm described in the next section. The derivation of equation (1) is given in Appendix 1. At one extreme, setting τ = min p results inŠidák's correction. At the other extreme, when τ = 1, equation (1) provides Fisher's combined p-value.
Thus, the method we describe here is "intermediate" between combination and individual adjustment techniques. Note that setting τ = 1 provides a way of calculating Fisher's combined p-value directly. Instead of looking up the cumulative probability from the tail of a chi-square distribution, it can be obtained as
Correlated tests
The Fisher combination test is somewhat motivated by the independence case; however, Pallini [1994] notes that the simple combination can be also consider optimal for correlated tests. The problem remains as to finding the critical value in the presence of correlations. We consider several possibilities for dealing with non-independent tests. The first method exploits the fact that correlation is approximately invariant under monotone transformations:
Let Σ be a non-degenerate correlation matrix for the vector of p-values, R. If Σ is positive definite, then there exists a matrix C (Cholesky factor), such that Σ = CC T . Let Z = Φ −1 (1 − R * ) for some random vector R * with Uniform(0,1) independent components. Then Var(C Z) = C Var(Z) C T = C I C T = Σ and C Z has a multivariate normal distribution with the mean zero and the covariance matrix Σ. We can relate vectors R * and R as follows:
and
and then apply equation 1 to values in R * . Thus, the correlated p-values in R are transformed to uncorrelated values in R * and then the method derived for the independent case is applied. An assumption of this method is that the correlation completely describes the dependence between components of R, as in the case when the test statistics jointly follow a multivariate normal distribution. As an example, consider a vector of two p-values with a known correlation, r. Since the Cholesky factor is
the transformation would modify the vector in the following way:
A second method is based on the following Monte Carlo algorithm.
1 Decide on the value of the truncation point, τ .
2a Generate L independent uniform random numbers, u * 1 , ..., u * L , on (0, 1), i.e. form the vector R * , then transform it to R with components u 1 , ..., u L , e.g. by equation 4.
4 The combined p-value is A/B.
In practice, sums of − ln(p i ) should be calculated in order to avoid numerical underflows. This method has the advantage that L can be very large. It can also be easily modified to incorporate combining p-values in a weighted fashion, by assigning weights,
Both methods require that the correlation structure is known. In many cases it will be unknown and have to be estimated from the data. We will give such an example of calculatingΣ from marker-disease association tests with a dense map of genetic markers. The results obtained with the estimated covariance structure have to be viewed with caution. This problem is similar to the one of the generalized least squares technique, when the model is being pre-multiplied with the Cholesky factor obtained fromΣ [Rawlings, 1988] .
A third approach is to estimate the distribution in W through resampling, when appropriate, as described in general terms by Westfall and Young [1993] . Churchill and Doerge [1994] , and Doerge and Churchill [1996] , describe permutation tests for quantitative trait loci. These test involve permuting the quantitative trait vector and re-evaluating the min (p-value) statistic for every permutation, then taking the combined p-value to be the proportion of permutations yielding a statistic smaller than that which was observed in the original sample. Such an approach can be applied with the truncated product test as well, and easily accommodates weights, for which analytic solutions are less tractable. Weights are assigned the same way as with the second approach.
Power considerations
We evaluated procedures described above on the basis of power to detect departures from null hypotheses concerning the mean of a normal distribution, H 0 : µ = µ 0 , when the variance σ 2 is known. The alternative hypotheses are H A : µ = µ A > µ 0 . We transform the meanx of a sample of size n to give the usual z test statistic
Under H 0 , z has the standard normal distribution, and under H A it is distributed N (γ, 1) where
When H 0 is true, the p-values could be written as p 0 :
where Z is the standard normal variable. The values of p 0 are distributed uniformly on [0, 1].
When H A is true the p-value is 
Results
In the first place we simulated the case where all L hypotheses were true, and rejected the overall hypothesis H T that all are true when the overall p-value was less than 0.05.
In Table I we show the proportion of 100,000 simulations that resulted in rejection, for several values of τ . TPM gave values consistent with the nominal 0.05 value.
For non-independent tests, we assumed that the test statistic has a multivariate normal distribution with the following variance-covariance matrix:
Σ approximates the exponential decay in the correlation expected among marker loci in markertrait association studies [e.g. Lander and Botstein, 1989] . ξ ij were set to Uniform(1/4, 3/4), so that the correlation between adjacent p-values ranged from 47% to 78%. We transformed vectors of correlated p-values as in (5) before calculating combined p-values. The results, averaged over 10,000 simulations are shown in Table II . They confirm that the size of the tests remain consistent with the nominal 0.05 value when the correlation is taken into account.
We then allowed h A of L = 25 hypotheses to be false, but with the same value of γ so that the tests of each of these h A hypotheses has the same power. We set γ = 1.64 so that these powers had the nominal value of β =0.50. All other L − h A hypotheses were set to be true. The p-value for the overall hypothesis H T was then calculated by the methods of Edgington, Fisher, Stouffer,
Wilkinson (with τ = 0.05), Simes, and by the TPM with τ = 0.05. Empirical powers based on 10,000 simulations are shown in Table III The alternative hypotheses h A are all one sided, but in Table IV When all hypotheses are false (L = 25, β = 0.25), TPM still has the highest power.
Although the power of the TPM is satisfactory in comparison with the other combination procedures, it is not our intention to recommend its usage for this reason. The more important point is that the alternative hypothesis of interest is different (with the exception of Wilkinson's and Simes' methods). When applying the TPM, rejection of the null hypothesis leads one to declare that there is at least one false hypothesis among the ones resulting in p-values ≤ τ . Other combination procedures, except for Wilkinson's, state that there is at least one false hypothesis among all L hypotheses tested. Rice [1990] discussed further points distinguishing multiplicative and additive combination methods. The distinction becomes important when L is large, e.g. in whole genome scans or mRNA expression studies using microarrays. We recommend that in these cases the value of τ should be no larger than the significance level.
In the following simulations (Table V) [Fisher, 1932] for association of marker alleles with the disease. We plotted the − ln p against marker map position, together with the − ln of 1% threshold, Bonferroni-adjusted by the total number of tests (0.01/2610). For similar plots some researchers [e.g. Juo et al, 1997] require that flanking markers around significant tests must also show some significance. Goldin et al. [1999] suggested that p-values should be averaged across certain genetic distances. Our approach is to take into account the information from all neighboring markers up to the distance to which the correlation extends. In our simulations the estimated correlation extended, on average, up to 5 markers in each direction, corresponding to a distance about of 0.5 cM. [see Terwilliger et al., [1997] and Knapp, [1998] for discussion of similar phenomena]. The 0.05 value of τ resulted in a higher peak in these simulations. This happened because of the unequal informativeness of the markers, due to variations in allele frequencies and linkage disequilibria with the disease gene.
As a final example we present an application of the method of combining p-values across genetic linkage studies. The web-based database at http://cooke.gsf.de/asthmagen/main.cfm [Wjst and Immervoll, 1998 ] reports 644 linkage results for chromosome 6 for asthma related phenotypes.
While there are varying degrees of information in the studies, and combination of p-values should therefore incorporate weights, we perform the unweighted analysis to illustrate the precise solution
(1). 55 of the p-values are smaller than 0.05 and many of remaining p-values are reported as "non-significant", without indicating the actual values. Note that this alone would prevent one from utilizing methods that require values from all L tests. Taking into account the possibility of the "publication bias", when only successful findings are reported, the value of L=644 is a lower estimate of the number of tests actually performed. None of the p-values would remain significant after adjusting by a false discovery rate controlling procedure by Benjamini and Hochberg [1995] , or family-wise error rate controlling procedures, such as Bonferroni, or more powerful method of Hochberg [1988] . However, the TPM (τ = 0.05) yields the combined p-value of 0.00005, giving a strong indication of genetic linkage. The nature of the method also allows us to provide the maximum possible value of L for the result to remain significant. It is equal to 904 in this example.
Thus, the number of non-reported studies with negative results can be as large as 904−644 = 260 for the combined p-value to remain below 5% level. There have been models developed for estimating the number of non-reports [Givens et al., 1997, Gleser and Olkin, 1996] .
Discussion
Debate over the use of p-values in summarizing the results of hypothesis tests continues [Goodman, 1999] but the values are routinely calculated and reported in many disciplines. Many genetic studies lead to p-values from tests on multiple loci in multiple samples and it is necessary to take this multiplicity into account when drawing inferences. Among the approaches that have been considered in the past it appears that Fisher's method, of taking minus twice the logarithm of the product of a set of L p-values and recognizing that this quantity is distributed as chi-square with 2L degrees of freedom when all L hypotheses are true, is a good way of providing an overall p-value.
We have suggested here an alternative procedure, which also takes into account the size of L pvalues but uses only the small ones. By "small" we mean a conventional values such as 0.05. Instead of asking whether the set of L tests contains any evidence for departures from all L hypotheses, our procedure can be used to ask whether any of the significant test statistics are indeed significant. By focusing on only the set of small p-values we appear to have increased the overall power, especially in situations where a small subset of the hypotheses are false.
Appendix 1: Distribution of W
When H T is true and τ < 1, the number of small p-values (k) has a binomial distribution, and p i 's are observations from the uniform (0, 1) distribution, truncated at τ (i.e. the distribution of p i 's is uniform on (0, τ )).
Given k, the conditional distribution of the product (W ) can be calculated directly. Let X 1 , ..., X k be independent uniform (0, τ ) random variables. Consider the transformation:
...
with inverse
The Jacobian of the transformation (J) has the following structure:
1/z i and the joint density is
Integrating out z 1 through z k−1 from the joint density gives the conditional probability, P (W ≤ w | k):
Then the unconditional distribution is found as follows:
The probability calculated in (7) corresponds to the combined p-value. After τ k in (7) is canceled, this probability is
or equivalently
Provided τ k > t, the integral in (9), which we denote by I k is:
= w(ln τ k − ln w)
where A(τ, k, w) = k ln τ − ln w. Since I 1 = w, then
Therefore,
Appendix 2: Closed testing with Truncated Fisher Test
Adjustments for subsets of hypotheses and individual adjustments are available through the application of the closure principle of Marcus et al. (1976) . Generally, the procedure considers all possible combination hypotheses obtained via the intersection of the set of individual hypotheses of interest. If an individual hypothesis and all intersections that contain it as a component are rejected by an appropriate α-level test, then the closure principle states that the given hypothesis can be also rejected, at the level α. The closure procedure controls the family-wise error rate (FWER) strongly, meaning that FWER ≤ α regardless of which subset of null hypotheses happens to be true (Hochberg and Tamhane, 1987) . The total number of combination hypotheses (N h 
which grows quickly with L and often limits applicability of the method.
Fortunately, this is not the case for the TPM test. Noting that (1) is an increasing function of L and a decreasing function of W , we see that, among all intersections of a given size s (where s ≤ L) that include H i , only the combination that includes H i and the remaining s − 1 largest p-values needs to be tested. Thus, significance for any given hypothesis can be determined using L tests; and when all L component tests are considered, the maximum number of evaluations is L 2 . However, many of these evaluations are redundant, and in practice the number is less than L 2 . In some cases, e.g., with theŠidák combined tests, the number of evaluations is as small as L. To illustrate this argument, consider the case when τ = 1. Then for the ordered set of p j 's (j = 1, ..., L) the adjusting procedure for any subset of p-values, P i , such that p (i) is the largest p-value in the set, is as follows. Compute (2) for most stringent subsets:
The adjusted p-value for the subset P i is given by the maximum of these values. Many subsets, such as, for example, {P i , p (L−1) } do not need to be considered, because they will yield p-values smaller than the one for {P i , p (L) }. simulations, β = 50% for L = 1 − −6 and β = 20% for L = 25). 
